In this paper, we mainly use classical Hermitian self-orthogonal generalized Reed-Solomon codes to construct two new classes of quantum MDS codes. Most of our quantum MDS codes have minimum distance larger than q 2 + 1 . Compared with previously known constructions, these quantum MDS codes in our constructions have large minimum distance and their parameters are not covered by the previous codes.
(see [1, 2] ). A quantum code which can achieve the quantum singleton bound (i.e.2d = n − k + 2) is said to be a quantum maximum distance separable (MDS) code. A major concern in the field of quantum codes is to construct quantum MDS codes with good parameters.
Recently, many effective methods of constructing quantum MDS codes have been given. We can use contacyclic codes, negacyclic codes and generalized Reed-Solomon codes to construct quantum MDS codes. As we know, the length of n ≤ q + 1 quantum MDS codes have been constructed in [3] . And many classes of quantum MDS codes have been obtained (see [4, 5, 6] ), however, the minimum distance of these quantum MDS codes are less than or equal to q 2 + 1. A major concern today is to construct quantum MDS codes with minimum distance bigger than q 2 + 1. Unfortunately, constructing quantum MDS codes with minimum distance bigger than q 2 + 1 is extremely difficult. Some quantum MDS codes have been constructed by using constacyclic codes and negacylic codes(see [7, 8, 9, 10, 11] ). On the other hand, some scholars construct new quantum MDS codes via generalized Reed-Solomon codes (see [12, 13, 14, 15, 16, 17, 18, 19, 20, 21] ).
In this paper, let q be an odd prime power. By using Hermitian selforthogonal generalized Reed-Solomon codes, we construct two new classes of quantum MDS codes as follows:
(1) Let n = 1 + q 2 −1 2 + q 2 −1 b , where b | (q + 1)and b ≡ 2(mod 4). Then for
2b , there exists an [[n, n − 2d + 2, d]]uantum MDS code.
(2) Let n = q 2 −1 2 + 2(q 2 −1) b , where q > 3, b | (q + 1) and b ≡ 0(mod 4). Then
Most of our quantum MDS codes have minimum distance larger than q 2 + 1. This paper is organized as follows. In section 2 we give a short review of relevant research related Hermitian self-orthogonality and generalized Reed-Solomon codes. In section 3 we present two new classes of quantum MDS codes via generalized Reed-Solomon codes.
Preliminaries
Let F q 2 be a finite field with q 2 elements, where q is a prime power. Let F * q 2 be all nonzero elements of F q 2 . A linear code C of length n over F q 2 is called an [n, k, d] code if its dimension is k and its minimum distance is d.
Hermitian self-orthogonality
Let x = (x 1 , x 2 , ..., x n ) and y = (y 1 , y 2 , ..., y n ) be two vectors in F n q 2 , the Euclidean inner product of x and y is defined as x, y E = n i=0
x i y i and the Hermitian inner product is defined as x, y H = n i=0
x i y q i . For a linear code C of length n, the Euclidean dual code of C, denoted by C ⊥E , is defined by
x, y E = 0, for all y ∈ C}, Similarly, the Hermitian dual code of C, denoted by C ⊥H , is defined by
, C is referred to as a Euclidean (or Hermitian) self-orthogonal code, respectively.
For a vector x = (x 1 ,
Generalized Reed-Solomon codes
Choose two vectors a = (a 1 , a 2 , · · · , a n ) and v = (v 1 , v 1 , · · · , v n ), where a ∈ (F q 2 ) n and v ∈ (F * q 2 ) n . For an integer k with 1 ≤ k ≤ n, the generalized Reed-Solomon code is defined as
It is well-known that a generalized Reed-Solomon code GRS k (a, v) is an MDS code with parameters [n, k, n − k + 1] q 2 . In fact,the generator matrix of the code GRS k (a, v) is
a n · · · · · · · · · · · · v 1 a k−1
The following lemma can be used to judge whether or not a generalized Reed-Solomon code is Hermitian self-orthogonal.
Lemma 2.1 [12] Let a = (a 1 , a 2 , · · · , a n ) ∈ (F q 2 ) n and v = (v 1 , v 1 , · · · , v n ) ∈ (F * q 2 ) n , where a 1 , . . . , a n are distinct elements. Then GRS k (a, v) is Hermitian self-orthogonal if and only if a qi+j , v q+1 E = 0, for 0 ≤ i, j ≤ k − 1. The following results are frequently used to construct quantum MDS codes. 
Two new classes of quantum MDS codes
Throughout this section, let ω be a fixed primitive element of F q 2 , γ = ω b and q be an odd prime power, where b is an integer satisfying b | (q + 1). Suppose that q 2 −1 b = m. Then ord(γ) = m. Two new classes of quantum MDS codes with good parameters are constructed in the following section.
The first construction
In order to achieve our main results, the following lemmas are required. The proofs are similar to the proofs in [17] .
s=0 ω s·µ·m u s = 0,
Proof Denote by θ = ω m and l = b 4 + 1 2 . Thus θ is a primitive b-th root of unity. For any 0 ≤ ν = ν ′ ≤ b 2 − 1, it is obvious that θ l+ν = θ l+ν ′ = 1. Then the system of equations (3.1) can be expressed in the matrix form
It is easy to verify that det(A) = 0. By the Cramer's Rule, we have
It is easy to see that det(D 1s ) = 0 due to the property of Vandermonde determinants. Thus, u s = 0. Now we need to
then there exist vectors a ∈ (F q 2 ) n and v ∈ (F * q 2 ) n such that a qi+j , v q+1 E = 0.
Proof Let r = (1, γ, γ 2 , · · · , γ m−1 ). Let a = (0, r, ωr, ω 2 r, . . . , ω b 2 r) and
where v q+1 
Thus, a qi+j , v q+1 E = 0 in each case. In Table 1 we list some quantum MDS codes obtained from Theorem 3.1. 
Proof It is similar to Lemma 3.1, so we omit the details.
Proof Denote by θ = ω m , l = b 4 , and let δ = ω −q−1 ∈ F * q . Then θ is a primitive b-th root of unity. For any 0 ≤ ν = ν ′ ≤ b 2 , it is obvious that θ l+ν = θ l+ν ′ = 1. Then (3.2) is equivalent to the following equation Au T = (0, 0, · · · , 0) T ,
matrix. Consider the equation
Similarly to Lemma 3.2, we can get that the solutions u s (0 ≤ s ≤ b 2 + 1) of (3.5) exist and u s = 0. So we only need to show that u s ∈ F q . Since b | q + 1, and θ b = 1, then
Hence, similarly to Lemma 3.2, we have u s ∈ F * q , for any 0 ≤ s ≤ b 2 + 1. Since the solutions of (3.5) are also solutions of (3.4), the proof is completed.
Proof Let r = (1, γ, γ 2 , · · · , γ m−1 ). Let a = (r, ωr, ω 2 r, . . . , ω (2) Now suppose that (i, j) = (0, 0). 
s=0 ω s(µm−q−1) u s = 0.
Proof Suppose that a, v are the vectors defined in Lemma 3.6. By the choices of a, the elements of the vector a are mutually distinct and v ∈ (F * q 2 ) n . Thus, by Lemma 2.1, GRS k (a, v) is Hermitian self-orthogonal. Then by Corollary 2.1, there exist quantum MDS codes with parameters [[n, n − 2d
. Remark 2 Let q be an odd prime power. In [14] , for 2 ≤ d ≤ (q+1)(h+2t+2) 2h − 1, it was proved that there exists an [[n, n−2d+2, d]] q -quantum MDS code, where
In Theorem 3.2, our quantum MDS code has length n = q 2 −1
,and b ≡ 0(mod 4), we can compare the two classes of codes. We can see that our quantum MDS code in Theorem 3.2 has a larger minimum distance.
Example 2 By taking b = 12, 20, 24 in Theorem 3.2, we can get the following q-ary quantum MDS codes.
(1) Suppose that 12 | (q + 1). Table 2 we list some quantum MDS codes obtained from Theorem 3.2. 
Conclusion
In this paper, we constructed two new classes of quantum MDS codes with good parameters by using Hermitian self-orthogonal generalized Reed-Solomon codes. In [18, 19, 20] , they listed almost all the parameters of the previously known quantum MDS codes. In Table 3 , we only summarized some parameters of quantum MDS codes from generalized Reed-Solomon codes. 
h [14] 10 n = 2(r 1 +1)(r 2 +1)(q 2 −1) h , h = h1h2 ≥ 9 h1 | (q − 1), h2 | (q + 1), 
